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Abstract 

We study the spaces of Poisson, compound Poisson and Gamma 
noises as special cases of a general approach to non-Gaussian white 
noise calculus, see [ |KSS97 |. We use a known unitary isomorphism 
between Poisson and compound Poisson spaces in order to transport 
analytic structures from Poisson space to compound Poisson space. 
Finally we study a Fock type structure of chaos decomposition on 
Gamma space. 
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1 Introduction 

The present paper elaborate the structure of compound Poisson spaces; 
we note that for all of this compound Poisson processes the results of |]KSS97]| 
immediately produce Gel'fand triples of test and generalized functions as well 
their characterizations and calculus. 

The Analysis on pure Poisson spaces was developed in [pP90|| , [|K88 



]Pri95 |, | |Us95 | and many others from different points of view. In 



we have developed methods for non Gaussian analysis based on gen- 
eralized Appell systems. In the case of Poisson space, this coincide with the 
system of generalized Charlier polynomials, however the desirable extensions 
to compound Poisson and for example Gamma processes are trivial. 

Let us describe this construction more precisely. We recall that the Pois- 
son measure vTo- (with intensity measure a which is a non-atomic Radon 
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measure on W^) is defined by its Laplace transform as 

LM= [ exp((7,y;))rf7r<,(7)=expf /" {e'^'^^'' - l)da{x)] , ^ e V, 

wliere V is tlie dual of P := ©(R'^) = C^(R'^) (C°°-functions on with 
compact support). An additional analysis shows that the support of the 
measure tTo- consists of generalized functions of the form X]xG7^^' ^ ^ ^^'^^ 
where is the Dirac measure in x and Y^d is the configuration space over 
M'^', i.e., 

r^d := {7 C M"' I I7 n < cx) for any compact K C W^}. 

The configuration space Y^d can be endowed with its natural Borel cr-algebra 
B{Y^d) and tTo- can be considered as a measure on Y^d. 
Let us choose a transformation aonV given by 

a{^){x) = log(l + ^(x)), -1 < ip eV, X eR'^. 

Then the normalized exponential or Poisson exponential 

Clv'; 7) = exp ((7, log(l + (f)) - , 7 e 

is a real holomorphic function of on a neighborhood of zero Ua on V. Its 
Taylor decomposition (with respect to if) has the form 

00 ^ 

e:^{^; 7) = E i^nii), ^^'') , ^eKcU^,^eY^d, 

n=0 

where : Figd — > T'"^'^. It follows from the above equality that for any 
^{n) g 2)®", n G No the function 

Fm. 97^(C^:(7),^^"^> 

is a polynomial of order n on Fjjd. This is precisely the system of generalized 
Charlier polynomials for the measure tTq-, see Subsection |2.3| for details. 

This system can be used for a Fock realization. //^(vTo-) has a Fock real- 
ization analogous to Gaussian analysis, i.e, 

00 

L\7T„) ^ 0Exp„L2(a) = ExpL\a), 

n=0 

3 



where Exp„L^ (cr) denotes the n-fold symmetric tensor product of i^^(cr). 

The "Poissonian gradient" v'' functions / : r^d M which has specific 
useful properties on Poisson space, is introduced on a specific space of "nice" 
functions ClS db difference operator 

(v7)(7; x) = f{x + e,) - fix), 7 e r^., x e R". 

The gradient v'' appears from different points of view in many papers on con- 
ventional Poissonian analysis, see e.g. [[1K88|| , ||NV95||, [[KSS97|| and references 



therein. We note also that the most important feature of the Poissonian gra- 
dient is that it produces (via a corresponding integration by parts formula) 
the orthogonal system of generalized Charlier polynomials on (P^d, i3(rRd), 
TTo-), see Remark p.14 In addition we mention here that as a tangent space 
to each point 7 e T-^d we choose the same Hilbert space L2(M'^,a). 

We conclude Section |^ with the expressions for the annihilation and cre- 
ation operators on Poisson space. In terms of chaos decomposition Nualart 
and Vives V 95| | proved the analogous expression of the creation operator, 
in this paper we give an independent proof which is based on the results on 
absolute continuity of Poisson measures, see e.g. |{Sko57| | and | [l'ak9(J| |, details 
can be found in Subsection |2l5| . 

The analysis on compound Poisson space can be done with the help of 
the analysis derived from Poisson space described above. That possibility is 
based on the existence of an unitary isomorphism between compound Poisson 
space and Poisson space which allows us to transport the Fock structure from 
the Poisson space to the compound Poisson space. The above isomorphism 



has been identified before by K. Ito, [ ItoSfc ] and A. Dermoune, |per90 |. All 
this is developed is Subsection |3^ . 

The images of the annihilation and creation operators under the above 
isomorphism on compound Poisson space are worked out in Subsection p.3| . 

The aim of Section § is to study in more details the previous analysis in 
a particular case of compound Poisson measure, the so called Gamma noise 
measure. Its Laplace transform is given by 

= exp (- (log(l - ip))J , l>ipeV. 

This measure can be seen as a special case of compound Poisson measure 
/icp for a specific choice of the measure p used in the definition of yUcp, see 
Section || - ( [4.1| ) for details. From this point of view, of course, all structure 
may be implemented on Gamma space. The question that still remains is to 
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find intrinsic expressions for all these operators on Gamma space as found in 
Poisson space. 

The most intriguing feature of Gamma space we found is its Fock type 
structure. As in the Poisson case it is possible to choose a transformation a 
on D such that the normalized exponentials e^a (99; ■) produce a complete sys- 
tem of orthogonal polynomials, the so called system of generalized Laguerre 
polynomials. It leads to a Fock type realization of Gamma space as 

00 

L\iil) ^ 0Exp^L2(<7) = Exp'^L2(<7), 

n=0 

where Exp^L^(cr) C Exp„L^((T) is a quasi-n-particle subspace of Exp'^L^((T). 
The point here is that the scalar product in Exp^L^((T) turns out to be dif- 
ferent of the standard one given by L^((t)®'^. As a result the space Exp'^L^(cr) 
has a novel n-particle structure which is essentially different from traditional 
Fock picture. 

2 Poisson analysis 

Throughout this section we consider the measure space (R'^,i3(M''),a) where 
0" is a non-atomic c-finite measure. Below we denote by T> := ©(R'^) and by 
V ■= V'{R'^) the classical Schwartz spaces and by M{M.'^) C V the set of 
all positive Radon measures on (the set of all positive Radon measures on 
(R<^,B(R'^)). 

2.1 The configuration space over 

The configuration space T-^a —: F over R'^ is defined as the set of all locally 
finite subsets (configurations) in R*^, i.e., 

F := {7 C R'^ I I7 n < 00 for any compact /sT C R'^} . (2.1) 

Here j^l denotes the cardinality of a set A. 

We can identify any 7 e F with the corresponding sum of Dirac measures, 
namely 

F 9 7 ^ (d|/) =: d7 (y) e Mp{R') C M(R^), (2.2) 



5 



where A4p{M.'^) denotes the set of all positive integer valued measures (or 
Radon point measures) over B(M.'^). 

The space F can be endowed with the relative topology as a closed subset 
of the space Aip{R'^) on i3(]R'^) with the vague topology, i.e., a sequence of 
measures (/in)neN converge in the vague topology to fi if and only if for any 
/ G Co(M°') (the set of all continuous functions with compact support) we 
have 

f{x)dfin{x) — > / f{x)dfi{x). 



Then for any / G Co(M'^) we have a continuous functional 

r97H-.(7,/):=(/)^= / /(x)ci7(a;) = l]/(x)GM. 

Conversely, such functional generate the topology of the space T. 
Hence we have the following chain 

r C M{R'^) C V := V {R'^) . 

The Borel a-algebra on F, B{r), is generated by sets of the form 

CA,n = {7er| |7nA| = n}, (2.3) 



where A G -B(M'^) bounded, n G N, see e.g. [ pGV75|| and for any A G B{R'^) 



and all 72 G N the set CA,n is a Borel set of F. Sets of the form (|2.3| ) are called 
cyhnder sets. 

For any B we introduce a function Nb : F — > N such that 

Ar(5)(7) = |7n5| , 7 G F. (2.4) 

Then B{r) is the minimal a-algebra with which all the functions {Nb \ B G 
B{W^) bounded} are measurable. 

2.2 The Poisson measure and its properties 

The Poisson measure tTo- (with intensity measure a) on (F,i3(F)) may be 
defined in different ways, here we give two convenient characterizations of 
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Definition 2.1 (Laplace transform) The Laplace transform ofn^ is given 
by 

(^) = / exp ((7, if)) dTT^ (7) = exp f / (e'^(-) - l) da {x)) , (2.5) 



where <^eV, see e.g. ^KMMVSjJ and /^VU^, Chap. Ill Sec. 4]. 



Remark 2.2 The right hand side of ^2.^ ) defines, via Minlos' theorem, the 
measure iXo- on {V ,€^{1^')), but an additional analysis shows that the support 
of the measure is T C V, see e.g. /\Kal74il , ^al83^ and ^MM7^J , hence 
TTcr can be considered as a measure on T. 

Let / : M'^ X r — * M be such that / > and measurable with respect to 
B{R'^) X B{T). Define 



F(7) 



(7,/ (-,7)) 

/ / {x, 7) c?7 (x) 



Then tTo- is characterized by 



F(7)d7r,(7) := 




/ {x, 7) d-f (x) dn^ (7) 

/ (x, 7 + £:^) c/vr^ (7) rfo- (x) . (2.6) 



Equality ( p.6|) is known as Mecke identity, see e.g. [[Mec6?l| and [[NZ79|| 



2.3 The Fock space isomorphism of Poisson space 

Let us consider the following transformation onV,a:V^V defined by 

a (if) (x) = log (1 + (x)) , -1 < V5 e X G R'^. 

As easily can be seen a (0) = and a is holomorphic in some neighborhood h(a 
of zero. Using this transformation we introduce the normalized exponential 
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e"^(-, ■) which is holomorphic on a neighborhood of zero lA'^ d Ua C. T). For 
G U'^, 7 G r we set 

= exp((7,log(l + ^))-(^)J, (2.7) 

where {f)^:= J^^ V i^) i^) ■ 

We use the holomorphy of e"^(-,7) on a neighborhood of zero to expand 
it in power series which, with Cauchy's inequahty, polarization identity and 
kernel theorem, give us the following result 

eZ^ (^, i) = Y.-i (^"'" ' v'''") , e c w., 7 e r, (2.8) 

n=0 

where P^"^'" : T P'®". {P^"^'" (■) =: Q (■) \ n e No} is called the system of 
generalized Charlier kernels on Poisson space (F, i3(r), vr^). From ( |2.8| ) 
it follows immediately that for any G P"®", n G Nq the function 

F97^(Q(7),^^"^> 
is a polynomial of the order on F. The system of functions 

(7) := {C^n (7) , V'^"^) , V¥.(") G n G No 



is called the system of generalized Charlier polynomials for the Poisson 
measure tTo-. 

Proposition 2.3 For any (^(") G P®" and G P®™ we /iave 

^ (Q (7) , (C^ (7) , V^(™)> rfvr. (7) = 5^.nn\ . 

Proof. Let (^("■), t/^^"*) be given as in the proposition and such that <{>^'^'^ = (^9®", 

zi,Z2 G C, and taking into account ( |2.5| ) and (|2.7| ) we 

have 



'r 



e", (2:1^5, 7)e", (^2^", 7)c?7r^ (7) 
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= exp (- + Z2V')<x) y^exp((7,log((l + 2;iV9) (1 + Z2^))))rf7r<,(7) 
= exp (- {zi^ + Z2il))^) 

■ exp ( / (exp (log ((1 + ziif) (1 + 2:2^))) - 1) da 

= exp (^212:2 (¥?,^)i2(^) 
00 ^ 

= E^J^i^^lv'^",^^") (2.9) 

n=0 

On the other hand 

^ C (^iV'' 7)C (^aV', l)d7ra (7) 



mm! 

n,m=0 



E / (Q^(7),0(C^™(7),^^">^vr.(7). (2.10) 



Then a comparison of coefficients between ( |2.9| ) and ( p.lO| ), with polarization 
identity and linearity, gives the above result. ■ 

Remark 2.4 This proposition gives us the possibility to extend - in the 
L'^{tT(j) sense - the class of (C^ (7) , ip'^"') -functions to include kernels from 
the so-called n-particle Fock space over (a) . 

We define the Fock space as the Hilbert sum 

00 

ExpL^ (a) :=0Exp„L2 (a) 

n=0 

where Exp^L^ (a) := (c")c" we put by definition ExpgL^ (cr) := C. 

For any F E L'^ (tTo-) there exists a sequence (/'■"^)^o ^ ExpL^ (cr) such 
that 

00 

^(7) = E(c':(7),/("^> (2.11) 

n=0 

and moreover 

00 

II^IIV) = E-'|/^"1'.(..^)> (2-12) 

n=0 



where the r.h.s. of ( 2.12| ) coincides with the square of the norm in ExpL^ (a) . 



And vice versa, any series of the form ( |2 . 1 1| ) with coefficients (/^"'^)5^o ^ 
ExpL^ (cr) gives a function from (tTo-) . As a result we have the well-known 
isomorphism Jo- between (tTo-) and ExpL^ (a) . 

Now we introduce the action of the annihilation and creation operators 
in the Fock space ExpL^((T), see e.g. ||HKPS93"| , Appendix A. 2] and ||RS75 



Consider f^^^ G Exp^L^ (cr) of the form 

/^"^ = d/., f^eL^a),^ = l,...,n. (2.13) 

Then the action of the annihilation operator a~ (</)), Lp E T), on /'•"^ is defined 
as follows: 

n 

a- (y,) := J] (y,, /,) gti/, G Exp^^^L^ (a) . 
i=i 

This definition is independent of the particular representation of /*^"^ in 
(|2.13| ), hence a~(y9)/*^"^ is well-defined. Moreover this definition can be ex- 



tended by linearity to a dense subspace of Exp„L^ (a) consisting of finite 
linear combinations of elements of the form ( p.l3| ). One easily finds the 
following inequality for such elements 

|a-(^)/(")| < v^|^||/(")|, (2.14) 

which shows that the extension of a~ {(f) to Exp„L^ (a) as a bounded oper- 
ator exists. Consider the dense subspace ExpgL^ (cr) of ExpL^ (cr) consist- 
ing of those sequences {/*•"■•*, n G Nq} which only have a finite numbers of 
non- vanishing entries. The bound ( |2.14|) allow us to extend a~{ip), (p E T^, 
component-wise to ExppL^ (cr) which, therefore, give us a densely defined 
operator on ExpL^ (cr) denoted again by a~{ip). So the adjoint operator of 
a~{ip) exists, which we denote by a^{ip), and call creation operator. The 
action of the creation operator on elements f^"'^ G Exp„L^ (a) is given by 

a+(^)/(") = G Exp„+iL2 (a). 

For the creation operator we also have an estimate 

|a+(<^)/(")| < v/^bl |/(")|. 

As before, this estimate give us the possibility to deduce that in the same 
a~^{(p) is densely defined on ExpL^ (a) . 
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For latter use we introduce a vector Expip, ip G i^^(cr) as 

V^! /n=0 

which is called the coherent state corresponding to the one-particle state 
(or exponential vector corresponding to ip L'^{a)). For any set C C L'^{(t) 
which is total in L'^{(t) the set of coherent states {Expip {ip ^ C} G ExpL^((j) 
is also total in ExpL^((T), see e.g. ||Gui72| , Chap. 2] and ||BK95|| . We note 



that e'^^{ip, ■) is nothing as the coherent state in the Fock space picture, for 
any ip gT>^ ip > —1, we have 

M 3 e:^(^, ■) = E - i^n (■) ,^^"> ^ Exp^ e ExpL^ (a) . 



n.=0 



The action of the annihilation operator a {ip) on Expip is given by 
a" (ip) Expip = {if, V^)i2(^) ExpV^. 

2.4 Annihilation operator on Poisson space 

Let us introduce a set of smooth cylinder functions J-'C^ (V, F) (dense in 
L^('7ro-)) which consists of all functions of the form 

/ (7) = ^ ((7, <^i) , • • • , (7, ^n)) , 7 e f, 

where the generating directions cpi, . . . ,ipN G T>, and F (generating function 
for /) is from C^(]R^) (C°°-functions on M'^ with bounded derivatives). 

Definition 2.5 We define the Poissonian gradient V'' as a mapping 

V : J'C^ {V, F) — ^ {71^) ® (a) 

given by 

(V7) (7,a;) = /(7 + ^.)-/(7), 7eF, xGM'^. 

Let us mention that the operation 

F97^7 + e^GF 

is well-defined because of the property: 

TT,, {7 e F I X G 7} = 0, Vx G M'^. 

The fact that J^C^ {V, T) 3 f ^ V f G (tt^) ® (a) arises from the use 
of the Hilbert space (a) as a tangent space at any point 7 G F. 
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Remark 2.6 To produce differential structure we need linear structure where 
the measure have support T. If we consider tt„ on V then 7ro-(^ + V^) -L ^^aiO^ 
see e.g. j\GG V7d{J , therefore integration by parts and adjoint of operators are 
not available. This is the reason why we embed T in V. 

Proposition 2.7 For any non-negative function h G Dom((V'')*) such that 
h G L^{n(j) (g) L^(cr) the following equality holds 

((V^)*/i)(7)= / h{^-e,,x)d^ix)- [ h{^,x)daix). (2.15) 

Proof. Let / G Dom(V^) be given. Then we use the Mecke identity ( p^.6| ) to 
compute (y^f,h)^2^^^)(^LHa) as follows: 

if (7 + £x)- f (7)) h (7, x) diT^ (7) da (x) 
/ (7 + £x) h (7, x) d-K^ (7) da (x) 



/(7) 



/ (7) h (7, x) dn^ (7) da (x) 



— ex,x) d'y (x) — / h{^,x)da{x) 



d-Ka (7) 



((vr/i)(7) 



Now we are going to give an internal description of the annihilation op- 
erator. 

The directional derivative is then defined as 



W)(7) = ((V7) (7,-),^ 

{f{l + ex)-f{^))^{x)da{x) 



(2.16) 



for any ^9 G X'. Of course the operator 



(ttJ 



is closable in (vTo-) . 
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Proposition 2.8 The closure of coincides with the image under I„ of 
the annihilation operator a^{(p) in ExpL^ (a) , i.e., I„a^{(p)I^^ = V^. 

Proof. To prove this proposition it is enough to show this equahty of oper- 
ators in a total set in the core of the annihilation operator. Let & he 



given, then having in mind (|2.16|) and ( |2.7|) it follows that 
(VX(V^;-))(7) = / {eli^p■,^ + e,)-eli^p■,^))ifix)daix) 

= 7) (exp {{e,, log (1 + ^))) - 1) <^ {x) da (x) 

= ii^.^)LH.)et{^;i). (2.17) 
On the other hand since I~^e^^{ipi l) = Exp?/; it follows that 

«"(^)ExpV; = (<^,^)l2(^)Exp?/'. 



Hence if we apply 1^ to this vector we just obtain the same result as (|2.17|) 
which had to be proven. ■ 

2.5 Creation operator on Poisson space 

Proposition 2.9 For any ip E V, g E Dom{I^a~^ {(p) I^^) , where a~^{(p) is the 
creation operator in ExpL^(o"), the following equality holds 



((Vy*^)(7) = / 9{l -e^)^{x)d^{x) - gin) j ip{x)da{x) 

= (^(7-e.),¥^(-))i2(^)-^(7)(¥').. (2.18) 



Remark 2.10 In terms of chaos decomposition of g E Dom((V^)*) the 
equality ( ^.1^ was established in j^V93{] . We give an independent proof 
of ( 2.18i) , which is based on the results on absolute continuity of Poisson 



measures, 



, see e.g. f^ko51^ and /\Tak9(^ . 



Proof. 1. First we give a version of the proof of ( 2.18|) which uses the Mecke 
identity. 
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It follows from ( p^.l6 ) that 



= ((V7) (-,■), ^?(-)^(-)),.(..)^,.(.)- (2.19) 
Whence using Proposition p.7| we obtain 

{{Ky9)il) = ((V^)*^7^)(7) 

= / 9il-£x)v (x) d-i (x) -g{j) ^ (x) da (x) 

which proves (|2.18|) . 



2. Alternatively we give an independent prove of ( |2.18| ) based on absolute 
continuity of Poisson measure. 

Let rj E T> he such that rj {x) > —1, \/x E M.'^. Denote by cr^ the measure 
on M.'^ having density with respect to a, 

^(x) = l + r/(x). (2.20) 
da 

Lemma 2.11 The Poisson measure vTo- and tTct^ on (r,i3(r)) are mutually 

absolutely continuous and the Radon-Nikodym derivative -jp^il) coincides 
with the normalized exponential, i.e., 

diT 

^^(7) = C 7) = exp ((7, log (1 + 7])) - {r])^) . 

Proof. Let r/ G P be such that (x) > — 1, Vx G W^. Then the Laplace 
transform of vTo-^, given by ( |2.5| ), 



r 



exp 



exp((7,y?))c?7r<,^ (7) 



e 



(e'^W _ 1) [i + r^[x))da{x) 



exp ( / [e'Pi.^)+^o^i^+vi.^)) - 1) da [x] 



exp ((7, (^)) exp ((7, log (1 + r])) - {r])J dn^ (7) 
r ^ V ' 

diTa^ (7) 
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In order to proof (|2.18|) it suffices to verify the equality 



(2.21) 

for /(7) = e^^('?/'; 7), (7(7) = e'^^iv'j l)y i^^V belong to a neighborhood of zero 
U G V, because the coherent states Expip, ip G U span a common core for 
the annihilation and creation operators. 

Lemma 2.12 For any (p E V and for all ip,ri in a neighborhood of zero 
lA'^ C V, the following equality holds 

{Vle-^M ■),e^^(r^; ■))^.(^^) = ^)^.(,) exp ((V^, r^)i.(,)) . (2.22) 



Proof. Taking in account ( |2.17| ) we compute the right hand side of ( |2.22| ) to 

be 

(V;e:?^(^;-),e^.(r/;-)),.(.^) 
= (V', ^)L^[a) (- (V^ + exp ((7, log ((1 + ^) (1 + 7])))) dn^ (7) 

= (^,<^)L2(„)exp(-(V' + r/)^) 

■ exp I / (ip (x) + rj (x) + ip (x) 1] (x)) da (x) 

= (V',V')L2(,)exp (^(7/',77)^2(^)) , (2.23) 

which proves the statement of the lemma. ■ 
Further, the r.h.s. of ( ^.21| ) can be rewritten as follows 

C(V^;7) ^exp {{-f - e^,\og{l + ri)) - {ri)„)^{x) 

-C 7) (v^)^) di:^ (7) 

= ^e:^J^;7)e^Jr/;7)(Tf^)^rfvr.(7) 

exp ((V',^?)l2(,)) . 
Let us state the following useful lemma. 



(2.24) 



15 



Lemma 2.13 1. (^)^^ = (^)^ + (V-, v)L-i.) , V^-, G V. 
2- CIV-; 7) = exp (- r/)^,(^)) e^^lV-; 7), G W C I). 

Proof. The non-trivial step is ^. Let us denote for simplicity 



t=0 



|exp((7,log(l + t0)-(^a. 



t=o 



(it 



^log(l+te(a;))-(tO., 



i=0 



(7,0-(a„- 



Now the rest of the proof follows from the previous lemma and ( |2.24| ), i.e., 

(^;7) C (^5 7) (if^)^^^'^ (7) - (<^)aexp ((^,^?)l2(^)^ 
= exp ((V^,r/)^.(,)) (yl^e:^^ (V^; 7) (if^)/^.. (7) - (^).^ 
= exp ((V^, r/)^.(^)) e:^^ 7) (c^f^ (7) , if^) (7) 



1+-/) 



C, (V^; 7) d-K^,^ (7) - (y?)^ 



exp ((^/',r?)i2(^)) f V^, Y 



+ ^/ L2K) 

which is the same as ( p.23| ). This completes the proof. ■ 

Remark 2.14 The operator {S/^^)* plays the role of creation operator since 
a+((^)"l = (^®", I.e., 



(7) = (G:(7),0 



(2.25) 
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3 Compound Poisson measures 



3.1 Definition and properties 

This section is devoted to study the compound Poisson measures /icp on 
(P', B{V)). Firstly we recall the Levy canonical representation of all possible 
generalized white noise measures /i on {V , B{V')), see | |GV68[ |, | |Hid7CI| | , and 
AW95|| . These measures are defined by the characteristic functional of the 



form 



C^{ip) = exp 



ia[(p, 1) h 



- 1 



tSif 



1 



l)dP{s) 



(3.1) 



where (p & V, a,b E M., the measure j3 is such that /5({0}) = 0, /j^s^/(l + 
s'^)dp{s) < oo, (-, ■) and | ■ | denote the inner product and the norm in L'^{R^), 
respectively. We take into account that such a measure is in general the 
convolution of a Gaussian and non Gaussian measures. We will be interested 
in the non Gaussian part of this class, i.e., in (|3.1| ) 6 = 0. Furthermore, 
assume that ^ 

s^d(3{s) < oo, / \s\d(3{s) < oo. 



Then one can use the Kolmogorov canonical representation of as in 

e.g. [PV6l 



C^(V?) = exp 



za{^, 1) + / (e^^'^ - 1, l)dp{s) 



Let us define the compound Poisson measures on (V',B(V')). Let pbe a 
measure on (M, i3(]R)) (finite or cr-finite) having all moments finite and such 
that p({0}) = 0. In addition let cr be a non-atomic cr-finite measure on 
(R'=',;B(M'^)). We denote 



(e^" - 1) dp (s) , se 



Definition 3.1 A measure /icp on {T>',B{T>')) is called a compound Pois- 
son measure with Kolmogorov characteristic ifjp if its Laplace transform is 
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given by, as e.g. ^GG V7^ 



Jv 

= exp I / 'ijjp{ip (x)) da (x) 



= exp( [ [ (e'^(^) - 1) dp (s) da (x) ) , ^ G P. (3.2) 

Proposition 3.2 1. Assume that p satisfies the analyticity property: 

3C>0:WneN /" Is]" rfp (s) < (3.3) 

Then the Laplace transform of pcp is holomorphic at E V^. 
2. Let p(R) < oo. Then 



where T = T^d is the same as defined in Subsection ^-(Oj 
3. Let p(R) = oo. Then 

Pcp (^) := yUcp ^jj]] s^£^:r e V'\s^ G suppp, 7c G r^j^ 



1, 



1, (3.4) 



where is the collection of all locally countable subets in 



Proof. I]. By ( |3.3| ) the Kolmogorov characteristic ipp is holomorphic on 
some neighborhood of G C. Then by ( |3.2| ) the Laplace transform 1^^^, of pcp 
is holomorphic in some neighborhood of zero U C Vq. 

^ ^. At first assume d = 1. Then /xcp corresponds to the distributional 
derivative of the compound Poisson process and statements ^, |^ follow 
immediately from the properties of the paths of this process. Namely, almost 
every path of compound Poisson process is right continuous step function 
with the jumps from suppp. If p is finite a measure, then any finite interval 
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contains only finite number of tlie points of discontinuities of C,t (in this case 
^ is called a generalized Poisson process). For infinite measure p the set of 
discontinuities of is locally countable, see e.g. [ [Iak67|| and |^In93|. 

For d > 1 the statements ^ ^ follow from the analogous results of the 



theory of Poisson measures, see e.g. [[Kal74|| , [[Kal83|| and ||KMM7S 



Remark 3.3 Assume that p is a probability measure on (R,B(R)). Let 
{^k,k > 1} be a sequence of independent identically p-distributed random 
variables and N = {Nt,t > 0} be the standard Poisson process independent 
of {ik,k > 1}. Then pcp is generated by the distributional derivative of the 
compound Poisson process 



Nt 



6 = 5^^. 



k=l 



Notice that we don't consider in this paper measures p corresponding to the 
distributional derivatives of doubly stochastic Poisson processes and fields. 



3.2 The isomorphism between Poisson and compound 
Poisson spaces 

Let us define the measure a on (M'^+\ S(M'^+^)) as the product of the measures 
p and a, i.e., 

da (x) := dp (s) da (x) , x = (s, x) G M x M'^ 

and consider on (P^d+i, ;B(r]Rd+i)) the Poisson measure ttj with intensity mea- 
sure a. According to ( |2.5D this means that the Laplace transform of has 
the form 

In^i^) = / exp((7,^))rf7r5(7) 

= exp f / (e^(^) - l)da{x)] , ^ G r'(M'^+^). (3.5) 

The intensity measure a has the following property: for any x G M*^, 
A G B{R) such that p(A) < oo 

a(A X {x}) = p(A)a({x}) = 0. 
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This property yields that vrj is concentrated on a smaller set than Fj^d+i. 
Namely, let us define T C T^d+i as follows 



f := <j 7 e rRd+i|7 = ^ e$^, Xi = {si,Xi) eRxR'^, Xi ^ Xj, i ^ j 

'(3.6) 

Proposition 3.4 The measure vrj is concentrated on the set T G B{Tg_d+i). 

Proof. One can deduce this result from the theory of Point processes, see 
e.g. [ |K1V11V178| , Chap. 1], ||Kal83|| , and ||Kin93|| . 



Remark 3.5 Let d = 1. The measure tc^ corresponds to the distributional 
derivative of the independently marked Poisson process with the intensity 
measure a and space of marks (M, p) (for more details on marked processes 
see, e.g. lKin93^ and l\BL9d[ ]). For d > 1 there exists analogous connection 



between tc^ and independently marked Poisson fields with the same intensity 
and marking. 



It follows from (|3.1| ) that the Laplace transform /^r^ is well defined for 
if (s, x) = p (s) (f {x) where p (s) = ^^^^Pks'' {po 7^ for finite p and po = 
for infinite p) is a polynomial and ip eV (cf. [ |LRS97|| ). Let us put (p (s, x) = 
Sip (x) , ip E V in ( p.5|) . Then by (|3.2| ) we obtain 

^McP iv) = ^TTs (sp) , peV. 

Then using (|3.4|) it follows that the compound Poisson measure /icp is the 
image of ttj under the transformation S : F ^ SF = Q gT>' given by 



f97^(S7)(-) = S (■):= E ..e., (•) G C P', (3.7) 

i.e., \/B G B{V') 

//CP (B) = //CP {BnQ)= n^ (E"^ {B n Q)) , 
where S~^A is the pre-image of the set A. 
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The latter equality may be rewritten in the following form 

1b (t^) djJcp (uj) = 1b (uj) dficp (i^) = 1b (S7) dir^ (7) 



which is nothing than the well known change of variable formula for the 
Lebesgue integral. Namely, for any h G L^{Q,ficp) the function /i o S G 
L^{T, TTj) and 

^ h (uj) dficp iuj) = [ h (S7) d7l^ (7) . (3.8) 



Remark 3.6 It is worth noting that there exists on Q an inverse map : 
r2 ^ r. And we obtain that ttj on T is the image of ficp on Q under the map 
i.e., VC G BiT), n^{C) = /icp(SC) or after rewriting 



/ (7) d7r^ (7) = / lj.g (uj) rf/icp (uj) = / (S ^u) d^icp 
Jf Jn Jn 



UJ 



As before we easily can write the corresponding change of variables formula, 
namely V/ G L-'^(r,7rg:) the function f o G L^{fl,ficp) and 

^ / (7) rfvr^ (7) = / f{^-'u:)d^^cp{u:). 
r Jn 

So we construct a unitary isomorphism Uy, between the Poisson space 
-^^(tts) = L^(r,7r5) and the compoimd Poisson space L^(/icp) = L'^iS^, jJ'Cp)- 
Namely, 

(fi, /icp) 3 h^UYh:= hoj: e L"^ (f, ttj) 

and 

(f ,7rj,) 9 f^ U^'f = / o G (n,/icp) • (3.9) 

The isometry of U-^ and t/^^^ follows from ( |3.8| ). 

As a result we have established the following proposition. 

Proposition 3.7 The map Uy. is a unitary isomorphism between the Poisson 
space and the compound Poisson space. 



Remark 3.8 In the space L'^{7t^) we have a basis of generalized Charlier 
polynomials, annihilation and creation operators etc. Now we can use the 
unitary isomorphism Uy in order to transport the Fock structure from L'^{7C^) 
to L2(/icp). 
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3.3 Annihilation and creation operators on compound 
Poisson space 

Let V^) (V^)*) ^ ^ T>{M.'^^^) be the annihilation and creation operators on 
Poisson space L'^{n^). Their images under f/^ 

U^'vlUj:, U^'ivlYUj: (3.10) 

play the role of annihilation and creation operators in compound Poisson 
space L^(/icp)- Let us calculate the actions of ( p.lO|) . 

The set of smooth cylinder functions J-'C^{V, Q), (dense in L^(yUcp)) con- 
sists of all functions of the form 

h{uj) = H{{uj,ipi) ,...,{uj,ipN)) 

= H {{J:~'^uj,sipi) ,...,{T.'^uj,sipN)) , (3.11) 

where (generating directions) ipi,...,{pN € V and H (generating function 
for h) is from C^(]R^). Whence it follows that 

J^C^ {V, Q) = U^^J^C^ {v (R'^+i) , f ) . 
By (PTT^ ) for any / G J^C^{V{W^+^),V) we have 

(V|7)(7)= / {f{n + e^)-f{j))^{x)dd{x). (3.12) 



Proposition 3.9 For any h E TC^iV^Vt) the operator Uj. v| f^s ^^■^ the 
following form 



{h {oj + sEx) — h {ijj)) (p (s, x) dp (s) da [x) . 



Proof. Let h G J-'C^{V,Q) be given and denote U-^h = h o T, =: h and 
T,^^w =: 7. Taking into account ( p.lO| ) and ( p.ll]) we obtain 



Vlh) (7) 

h{^ + es)-h (7) ) ^ (x) da (x) . (3. 13) 
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Now we use the definition of h, the additivity of the map S and the obvious 
equality Se^ = se^ for x = (s,x); with this ( p.l3| ) turns out to be 



{h (S (7 + £2)) - (S7) ^ (x)) da (x) 
{h {uj + se^) — h (u)) (p (x) da (x) . 



The result of the proposition follows then by definition of a. 
Putting ip{x) = (p (s) if (x) in ( p.l4|) we obtain 



{U^' Vl^ U^h) 

{h {lu + SEx) — h (uj)) (j) (s) dp (s) ) (x) da (x) 



(3.14) 



Let us note that by ( |3.1|) we can admit not only bounded functions (s) but 
also polynomials. For finite p and = 1 we have the following formula for 
the annihilation operator in compound Poisson space L^(f2,/xcp) : 



.00) 



{h {lu + sEx) — h {uj)) dp {s) ) (x) da (xX3.15) 



Example 3.10 1. Let p = Si, then pcp = o-nd, of course, ( \3.13i ) coin- 
cides with ( ^.Idj) . 



2. Let p = i (£_! + El) (ford = 1 /icp is generated by the so called telegraph 
process ) then the annihilation operator has the form 



{uj + Ex) + ^h{LJ - Ex) - h{uj) ] LP (x) da (x) 



Example 3.11 Let h e TC^{V,Vl) he given by 



h (uj) = exp ( {u, log (1 + T])) - {t])^ / sdp (s) 

exp((^,log(l - {v)„mi (p)) 
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for V 3 f] > —1. Then the annihilation operator applied to h can be 
computed to be 

(v?/^)M = (v^/^)(7) 

h (7 + e(^s,x)) - h (7) j ip (x) da (s, x) 
{h {u + se^) — h {(jj)) if (x) da (s, x) 



= (u;) / {{1 + T] {x)Y — 1) ip {x) da {s , x) 

Example 3.12 Let h e TC^{V,Vt) be given by 

h{uj) = exp(- (0)^ {if)^) + (j){s,^)(p{x)), uj = Y^ s^e^ G n. 

It is clear that (U^^e'^^{(p; ■)){uj) = h{uj) ((p := (f)Lp) as it can be easily seen 
from the definitions ofU^^ an(ie^_(^; ■) given in ( \y.9( ) and l"^), respectively. 
On the other hand from i\2. 1 % ) we have 



iy^etM ■)) (7) = {v.^)L^i^)etMl) 
and therefore {U^^ \/^^ Uj^h){uj) = {(p,ilj)i2(^^-^h{uj) which says that 

Now we proceed to compute an expression for the creation operator on 
compound Poisson space. 

Proposition 3.13 Let g E L^(f2,/icp) be such that UY,g G T^om.{I^a^ {(p)I^^) 
and if E T'(R"'+-'^). Then the operator f^2^(V^)*f^2 has the following repre- 
sentation 



(f^s^(v|)*f^s^) M = / giuj - se^)l^{s,x)d^{s,x) - g{uj) {Ip)^ 

jRd+l 
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Proof. We know from that for any 'g G Dom{I^a^ (ip) ^) the creation 

operator (v|)* Poisson space L'^{T, n^) has the form 



( ( V|) * ?) (7) = / ? (7 - Bx) ^ (x) (ff (x) - g (7) {^)^ . 

jRd.+ l 

On the other hand, 

(f/E'(v|)*MM = ((vy*?)(7) 

? (7 - ^x) ^ (^) (x) - g (7) 

-1 

^ - se^) ^ (s, x) ^7 (s, x) - ^ (uj) {^)^ , 

-1 

which proves the result of the proposition. ■ 

As before if we choose (p = Ip, in the case when p is finite, then we have 
the following form for the creation operator (v^^)* compound Poisson 
space L^{Q, /icp): 

((v?)*^7)H := (f/.-^(vy*MM 

g{uj- se^) p {x) dry (s, x) - g {uj) p(M) {p)^ . 



Remark 3.14 The generalized Charlier polynomials in L'^{tt^), according to 



( ^.2di) , have the following representation 

((V|)*"l) (7) = (Q(7),^^">. 



Their images under U-^ have the following form 

= (^,Mv|)*"f/Ei)M- 

In particular for finite measure p and (p = p we obtain 
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4 Gamma analysis 

4.1 Definition and properties 

In this section we consider the classical (real) Schwartz triple 

V {W^) =: P C [W^) c V ■= V [W^) . 

Definition 4.1 We call Gamma noise the measure fi^ on the measure 
space {V\B{V')) determined via its Laplace transform 



lf.-iv) = / exp{{uj,(p))dfi'^{uj) 
Jv 

= exp(-(log(l-¥.))J, l>ipeV. 



Remark 4.2 In order to apply the Minlos' theorem we note that fi^ is a 
special case of ficp for the choice of p as follows 

p{A)= [ —ds,AeB{R). (4.1) 

Whence by Minlos' theorem p^ is well-defined, of course l^^ is an analytic 
function. 



Remark 4.3 Let us explain the term "Gamma noise". If d = 1 and a = m, 

then for any t > the value of the Laplace transform 

(Al[o,t]) = exp (-tlog(l - A)) , A < 1 

coincides with the Laplace transform l^(t) (A) of a random variable C, (t) having 
two-side Gamma distribution, i.e., the density of the distribution function has 
the form 

, , 1 1x1*""^ e~l^l 

m (x) = — , t > 0. 

' 2 r(t) ' 

The process {C, [t) ,t > 0; ^ (0) := 0} is known as Gamma process, see e.g. 
\'rak6% Section 19]. Thus the triple {T>' , B{V) , fi^) is a direct representation 
of the generalized stochastic process (t) ,t > 0} (detailed information on 
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generalized stochastic process can be found in jG' V(>S{J ) which is a distribu- 
tional derivative of the Gamma process (t) ,t > 0}. In other words, the 
image of /i^ under the transformation 

V 3uj\ > Gt{uj) := {u, ]l[o,t]) G M, t G R+ 

coincides with the two-sided Gamma distribution, i.e., 

(/i^oG,-i)(A) = / pt{x)dm{x), AeB{R). 

J A 

So the term "Gamma noise" is natural for ji^. 



Remark 4.4 ^45 /i^ is a special case of compound Poisson measure one can 
obtain the representations of generalized Gharlier polynomials, annihilation 
and creation operators etc. along the lines of Subsection |J. j[ . It is worth 
noting that p(M) = oo nevertheless one can set in l \3.1^ ) (p{x) = lif{x) and 
obtain the representation 

I f°° e^^ 
{ylh){uj)= I I {h{u + se^) - h{uj)) ds(p{x)da{x) 

JRd Jo -5 

for the annihilation operator in Gamma space. Indeed, by ( \3.1I\ ) 

h{uj + se^) -h{uj) = H{{{uj,(^i) ,. . . ,{uj,(^n)) + s{^iix),. . . ,ipNix))) 

whence by Lagrange theorem it follows that \h{uj -\- se^) — h{uj)\ < Cs. There- 
fore the integral over [0, oo) converges and the r.h.s. of above equality is 
well-defined. 



Remark 4.5 Let us assume that d = 1 and a = m. Then /z™ corresponds 
to a distributional derivative of the Gamma process ^ = {^(t), t > 0} on a 
probability space {Q,J^,P) (see Remark \i.3{ ). The Gamma process is Levy 
one, such that K[C,{t)] = t and E[(^(t) — t)^] = t, t > 0. Thus the centered 
Gamma process {^(t) —t,t>0} is a normal martingale and one can define 
the n-multiple stochastic integrals /*^"^ G Exp„L^(m) with respect 

to ^ and the space of chaos decomposable random variables from L'^{Q, JF, P): 

{oo oo 
I /^"^ e Exp^L^M, J]n! < oo 

n=0 n=0 
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(for more details see [MeyUS^). 



It follows from results of l\Der9Ql that ^ does not possess CRP, i.e., C(^) 
is a proper subspace of L'^{Q, J-"^, P) =: L'^{C,), where denotes a a-algebra 
which is generated by the collection {^(t),t > 0}. 

4.2 Chaos decomposition of Gamma space 

Let us now consider a function a : V — > V defined by 

a{v) (x) = f P ^ , i^eV^xeW. 
(x) - 1 

We stress that a is a holomorphic function on a neighborhood of zero Ua C "D, 
in other words a G Holo(T',T'). 

Because of the holomorphy of and l^<^ (0) = 1, there exists a neigh- 
borhood of zero lA'^ C Ua such that the normahzed exponential e^a{ip]u) is 
holomorphic for any (f and uj &T>' . Then 

a ( N exp((a;,a(v9))) 
hi (« (^)) 

= exp(^^^,-^^-(log(l-^)),),^GW:. (4.2) 

We use the holomorphy of (y? e'^ai^'^^iS) to expand it in a power series 
which, with Cauchy's inequality, polarization identity and kernel theorem, 
give us 

oo ^ 

el. i^; oo) = J2-^_ {Pf^-'' (^) , v^^"> ,^eK,ue V, (4.3) 

n=0 

where P^='" : ^ P'®". {P^'" (■) =: (■) \n E Nq} is called the system 
of generalized Laguerre kernels on Gamma space {V , B{T>') , n^) . From 
(|4.3| ) it follows immediately that for any y^'^") G "D®", n G No the function 



is a polynomial of the order n on "D'. The system of functions 

(y,(")) (.;) := (L;;, (c.) , y,(")> , Vy.(") G n G No 
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is called the system of generalized Laguerre polynomials for the Gamma 
measure /i^. In one-dimensional case this system coincides with the system 
of even continuations of Laguerre polynomials {Ln~^\n E Nq} which are 
orthogonal with respect to the density pt{x), see e.g. | |Rai71| |. Namely in the 
notation of Remark the following equality holds 

^nM'ifort]) = 4*-'HG.H). 

Now we proceed establishing the following result. Let ip,ip ^l^'a be given, 
then using (O) follows that for Ai, A2 G M 



v 



exp ((- log (1 - Ai<^) - log (1 - AsV^)) J 

df^G (^) 



= exp((-log(l-Ai^)-log(l-A2^))J 

■exp(-(log(l-,^-^))J 
= exp(- (log(l - Ai(/?A2^))^) 

= /mo- (AiA2<^V^) . (4.4) 

Since /^j^ G A^a(T''), then ( [4. 4]) turns out to be an analytic function on Ai 
and A2, hence 



00 _ 



(4.5) 



n=0 



where the coefficients {'^^"',4''^^)ExplL^(a) given by 



t=0 



and Exp^L^ (cr) stands for a quasi-n-particle subspace of Exp'^L^(cr) defined 
by below. 

By using the formula, see e.g. |[Bou5CI|| and ||GR81|| , 



E 



iX+2i2H ^'kif.—n 



2l! . . 



1! 



2! 



A;! 
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follows 

= E 



iiH2\ . . .4! 2*2 . . . 

il,i2,...,ifceNo 



(x) (x) (i(T (x) J V9 (x) ■?/' (x) da (x) 

(x) (x) da (x) . (4.6) 
/ 

On the other hand 

°° \n\r?i /" 

= E ±fr / ' ^''"> ' ^^'"> • (4.7) 

n,m=0 ^ 

Then a comparison of coefficients between (|4.5| ) and ([4.7|) gives us 



(L- (^) , ^«'^> (L- (uj) , ^«"^> rf/.^ (^) = 5_n! (^®", ^^'^j 



Exp«L2(a) 



which shows the orthogonality property of the system {LJ^ (■) |n G Nq}. 

Since (■, Oexp^l^^^.) is n-linear we can extend it by polarization, linearity 
and continuity to general smooth kernels ^p^"'\ ^^"''^ G Exp^L^ (a) . To this 
end we proceed as follows. 

First we consider a partition of the numbers := {1,2, ... ,n} in 

a 

Then for each such partition T^"'\ we define by 

ik := # {Ia\ \Ia\= k} , 1 <k < n. 
Finally we define the contraction of the kernel y?^"^ w.r.t. as 
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where Xi^ = {xm, Xm, • • • , Xm) m-times, 1 < m < k. 
Hence the inner product is given by 



V'S) (^1' • • • ' ^n) Wj(n) {xi,..., Xn) da'^'' (f) 
= En((^-1)')^' / ^5i)(^i>--->^n)^Si(xi,...,xOc^a®"(^)(4.8) 

fc=l -^K'" 

where the sum extends over all possible partition X*^") of /„. 
Hence we have established the proposition. 

Proposition 4.6 Let ip,ip & V be given. Then the system of generalized 
Laguerre polynomials verifies the following orthogonality property 



v 



Exp«L2(a) 



where {^^^\i^^"'')ExplL2{a) ^■^ defined by above. 



As a consequence of the last proposition we have established the following 
isomorphism 

oo 

I ■■ (/i^) ^ ExplL' (a) =: Exp'l' (a) . (4.9) 

n=0 

Therefore for any F E L'^il^a) there is a sequence (/'^"^)5^q G Exp'^L^((T) such 
that 

oo 
n=0 

moreover 

oo 

,2 



n=0 
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Remark 4.7 Hence we see that the Gamma noise does not produce the stan- 
dard Fock type isomorphism since the inner product (-, ■)exp'^ L'^{a) '^^ '^^'^ 
incide with the inner product in the n-particle subspace, L^(o")'^". 

Remark 4.8 The orthogonal polynomials of independent-increment processes 
(in particular, Gamma-process) were constructed in \KS7d^ . It is worth not- 
ing that these polynomials of Gamma process differ from generalized Laguerre 
polynomials. 
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